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Abstract
The present paper is concerned with a Cauchy problem for a semilinear heat equation
ut = u+ u
p in RN × (0,∞),
u(x, 0)= u0(x)0 in RN .
(P )
We show that if p> N−2
√
N−1
N−4−2√N−1 and N11, then there exists a solution ui (i = 1, 2, 3) of
(P) which blows up at t = Ti <+∞, becomes a regular solution for all t > Ti and behaves as
follows:
(i) limt→∞ |u1(t)|∞ = 0,
(ii) 0< lim inf t→∞ |u2(t)|∞ lim supt→∞ |u2(t)|∞<+∞,
(iii) limt→∞ |u3(t)|∞ = +∞,
where | · |∞ denotes the supremum norm in RN .
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1. Introduction
This paper is concerned with a Cauchy problem for a semilinear heat equation
{
ut = u+ up in RN × (0,∞),
u(x, 0) = u0(x)0 in RN (1.1)
with p > 1 and u0 ∈ L∞(RN).
We are interested in the continuation of a solution of (1.1) which blows up in ﬁnite
time. Here, a solution u is said to blow up at t = T < +∞ if lim supt↗T |u(t)|∞ =
+∞ with the supremum norm | · |∞ in RN . When a solution u of (1.1) blows up at
t = T , the blowup is called complete if the proper continuation for t > T identically
equals +∞ in RN × (T ,∞), and incomplete otherwise. We refer to Section 2 of
Galaktionov and Vazquez [5] for the deﬁnition of proper solution and its important
properties.
In the case of (N − 2)p < N + 2, only the complete blowup is possible by Baras
and Cohen [1]. On the other hand, Ni et al. [14] obtained a global L1-solution of
the Cauchy–Dirichlet problem for the equation in (1.1) in a convex domain which is
unbounded in L∞ when p(N + 2)/(N − 2) and N3. Let
p
L
=
{+∞ if N10,
1+ 6
N−10 if N11.
(1.2)
We suppose that (N + 2)/(N − 2) < p < p
L
and N3. Then any radially symmetric
solution in a ball obtained by [14] blows up in ﬁnite time by [5]. The author obtained
a radially symmetric global L1-solution of (1.1) with initial data compactly supported
which exhibits incomplete blowup in ﬁnite time in [11]. However, there is no more
detailed information on the behaviors of these solutions after blowup time. It was shown
in [5] that there exists a solution u of (1.1) such that u(x, t) = (T − t)−1/(p−1)f ((T −
t)−1/2|x|) in RN×[0, T ) with a spatially inhomogeneous positive regular solution f (r)
for
frr + N − 1
r
fr − r2fr −
1
p − 1f + f
p = 0 in (0,∞) (1.3)
and u(x, t) = (t − T )−1/(p−1)g((t − T )−1/2|x|) in RN × (T ,∞) with a spatially inho-
mogeneous positive regular solution g(r) for
grr + N − 1
r
gr + r2gr +
1
p − 1g + g
p = 0 in (0,∞). (1.4)
This solution is a backward self-similar blowup solution for t ∈ [0, T ) and a forward
self-similar solution for t ∈ (T ,+∞). We note that if (N + 2)/(N − 2) < p < p
L
and
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N3, then there is a positive regular solution f (r) for (1.3) such that
f (r) = cr− 2p−1 + o(r− 2p−1 ) as r →∞
with some c < c∞ by Budd and Qi [2] and Lepin [8,9] (see [5]), where
c∞ =
{
2
p − 1
(
N − 2− 2
p − 1
)} 1
p−1
(1.5)
so that v∞(r) ≡ c∞r−2/(p−1) is the radially symmetric singular steady state of (1.1).
However, there seems to be no spatially inhomogeneous positive regular solution of
(1.3) for p > p
L
. In fact, Plechácˇ and Šverák [15] got a numerical result which
suggests it. The author gave a rigorous proof when p > 1+ 7/(N − 11) and N12 in
[12]. Consequently, we cannot expect to construct a peaking solution by connecting a
backward self-similar blowup solution with a forward self-similar solution as done in
[5]. Here, peaking solution means a solution which blows up at some T < +∞ and
becomes a regular solution for all t > T . On the other hand, for any c ∈ (0, c∞) there
exists a positive regular solution g(r) for (1.4) with p > (N + 2)/(N − 2) and N3
such that
g(r) = cr− 2p−1 + o
(
r
− 2
p−1
)
as r →∞ (1.6)
by [5]. Furthermore, Souplet and Weissler [17] obtained a positive regular solution g(r)
for (1.4) satisfying (1.6) for each c ∈ (0, c∞ + ) with sufﬁciently small  > 0 in the
case of (N + 2)/(N − 2) < p < p
JL
and N3, where
p
JL
=
{+∞ if N10,
N−2√N−1
N−4−2√N−1 (< pL) if N11.
(1.7)
When a radially symmetric global L1-solution u of the Cauchy–Dirichlet problem for
the equation in (1.1) in a ball with (N + 2)/(N − 2) < p < p
JL
blows up in ﬁnite
time, the continuation as proper solution is a global regular solution after the blowup
time if (u0)t changes its sign exactly once by Fila et al. [4]. We note that peaking
solutions of (1.1) given in the previous results converge to zero as t →∞.
Our purpose of the present paper is to prove the following.
Theorem 1.1. If p > p
JL
, then there exists a proper solution ui (i = 1, 2, 3) of (1.1)
which blows up at t = Ti for some Ti < +∞, becomes a regular solution for all
t > Ti and behaves as follows:
(i) limt→∞ |u1(t)|∞ = 0,
(ii) 0 < lim inf t→∞ |u2(t)|∞ lim supt→∞ |u2(t)|∞ < +∞,
(iii) limt→∞ |u3(t)|∞ = +∞.
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This paper is organized as follows: In Section 2, we ﬁrst get a result on the behavior
of solutions for (1.1) near the spatial inﬁnity. We also consider (1.1) with singular
initial data, which is related to the regularization of a solution after blowup. Section
3 is devoted to the proof of Theorem 1.1. In order to obtain a peaking solution, we
need a result in [13] which is an analogue of the result in Herrero and Velázquez [7].
A recent result due to Polácˇik and Yanagida [16] is applied to decide the behavior of
the peaking solution as t →∞.
2. Preliminary results
We begin this section by the following lemma. Denote by Br the ball with radius r
centered at the origin in RN .
Lemma 2.1. Let p > N/(N − 2) and T > 0. Suppose that u is a solution of (1.1)
with u0 ∈ L∞ satisﬁes
u(x, t) < v∞(|x|) in (RN\Br0)× [0, T )
and
u(x, t)c|x|− 2p−1 in (RN\{0})× [0, T ) (2.1)
for some c, r0 > 0. If there are k, a0, R0 > 0 with sufﬁciently large R0 such that
v∞(|x|)− u0(x)a0|x|−k in RN\BR0 ,
then it holds
v∞(|x|)− u(x, t)a1|x|−k in (RN\BR1)× [0, T ]
for some a1 > 0 and R1R0.
Proof. We ﬁrst write u as
u(x, t)= 1
(4t)N/2
∫
RN
u0(y) exp
(
−|x − y|
2
4t
)
dy
+
∫ t
0
1
(4(t − s))N/2
∫
RN
u(y, s)p exp
(
−|x − y|
2
4(t − s)
)
dy ds. (2.2)
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Since v∞ is the unique solution of (1.1) with initial data v∞ for p > pJL by [5], we
get
v∞(|x|)= 1
(4t)N/2
∫
RN
v∞(|y|) exp
(
−|x − y|
2
4t
)
dy
+
∫ t
0
1
(4(t − s))N/2
∫
RN
v∞(|y|)p exp
(
−|x − y|
2
4(t − s)
)
dy ds (2.3)
for x = 0. Putting u˜(x, t) = v∞(|x|)− u(x, t) and
g(x, t) = v∞(|x|)
p − u(x, t)p
v∞(|x|)− u(x, t) ,
we see
0g(x, t)pcp−11 |x|−2 in (RN\{0})× [0, T ) (2.4)
with c1 = max{c∞, c}. Then it follows from (2.2), (2.3) that
u˜(x, t)= 1
(4t)N/2
∫
RN
u˜(y, 0) exp
(
−|x − y|
2
4t
)
dy
+
∫ t
0
1
(4(t − s))N/2
∫
RN
g(y, s)˜u(y, s) exp
(
−|x − y|
2
4(t − s)
)
dy ds
for x = 0. Setting
I1 = 1
(4t)N/2
∫
RN
u˜(y, 0) exp
(
−|x − y|
2
4t
)
dy
and
I2 =
∫ t
0
1
(4(t − s))N/2
∫
RN
g(y, s)˜u(y, s) exp
(
−|x − y|
2
4(t − s)
)
dy ds,
we have
u˜(x, t) = I1 + I2. (2.5)
Put
u˜0+(x) = max{˜u(x, 0), 0} and u˜0−(x) = max{−u˜(x, 0), 0}
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and let U± be the solution of the heat equation in RN with U±(x, 0) = u˜0±(x). Then
U± is represented as
U±(x, t) = 1
(4t)N/2
∫
RN
u˜0±(y) exp
(
−|x − y|
2
4t
)
dy. (2.6)
Take R > 2R0 sufﬁciently large, and let |x|R and t ∈ (0, T ). Setting
I11 =
∫
|x−y| R2
u˜0+(y) exp
(
−|x − y|
2
4t
)
dy
and
I12 =
∫
|x−y|>R2
u˜0+(y) exp
(
−|x − y|
2
4t
)
dy,
we have
∫
RN
u˜0+(y) exp
(
−|x − y|
2
4t
)
dy = I11 + I12. (2.7)
It is immediate that
I12 |˜u0+|∞ exp
(
− 1
8t
(
R
2
)2)∫
RN
exp
(
−|x − y|
2
8t
)
dy
=|˜u0+|∞(8t)N/2 exp
(
− R
2
32t
)
. (2.8)
Since
u˜0+(x)a0|x|−k for x with |x|R0
by the assumption, we get
I11a0
(
3R
2
)−k ∫
|x−y| R2
exp
(
−|x − y|
2
4t
)
dy
=a0
(
3R
2
)−k {∫
RN
exp
(
−|x − y|
2
4t
)
dy
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−
∫
|x−y|>R2
exp
(
−|x − y|
2
4t
)
dy
}
a0
(
3R
2
)−k {
(4t)N/2 − (8t)N/2 exp
(
− R
2
32t
)}
(2.9)
in the same way as in (2.8). It follows from (2.6)–(2.9) that
U+(x, t)C1R−k − C2 exp
(
− R
2
32t
)
(2.10)
for some C1, C2 > 0. Similar to (2.8), there is C3 > 0 such that
U−(x, t)C3 exp
(
− R
2
32t
)
. (2.11)
Hence it holds
I1 = U+(x, t)− U−(x, t)C4R−k (2.12)
for some C4 > 0 if R > 0 is sufﬁciently large.
Since u˜(x, t) > 0 in (RN\Rr0) × [0, T ) by the hypothesis, it follows from (2.1),
(2.4) that for |x|R > 2r0 and t ∈ (0, T )∫
RN
g(y, s)˜u(y, s) exp
(
−|x − y|
2
4(t − s)
)
dy
 − pcp−11 c exp
(
− (R − r0)
2
4(t − s)
)∫
|y| r0
|y|−2− 2p−1 dy
 − pcp−11 c r
N−2− 2
p−1
0 exp
(
− (R − r0)
2
4(t − s)
)
and hence
1
(4(t − s))N/2
∫
RN
g(y, s)˜u(y, s) exp
(
−|x − y|
2
4(t − s)
)
dy
 − pcp−11 c r
N−2− 2
p−1
0
1
(4(t − s))N/2 exp
(
− (R − r0)
2
4(t − s)
)
 − pcp−11 c r
N−2− 2
p−1
0
1
(4(t − s))N/2 exp
(
− (R − r0)
2
8(t − s)
)
exp
(
− R
2
32T
)
.
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Consequently there exists C5 > 0 such that
I2 − C5 exp
(
− R
2
32T
)
(2.13)
since
1
(4(t − s))N/2 exp
(
− (R − r0)
2
8(t − s)
)
C6
for s, t with 0 < s < t < T with some C6 > 0. The inequalities (2.5), (2.12), (2.13)
imply
u˜(x, t)C7R−kC7|x|−k in (RN\BR)× [0, T )
for some C7 > 0. 
We next consider (1.1) with singular initial data.
Lemma 2.2. Let p > p
JL
. If u0 is radially symmetric and satisﬁes
u0(|x|)v∞(|x|) and u0(|x|) /≡ v∞(|x|) in RN\{0},
then the proper solution u of (1.1) with initial data u0 fulﬁlls u(t) ∈ L∞(RN) for all
t > 0.
Proof. Since
0u(r, t)v∞(r) in (0,∞)× [0,∞)
with r = |x|, we get
uturr + N − 1
r
ur + c
p−1∞
r2
u in (0,∞)× (0,∞).
Putting v(r, t) = r2/(p−1)u(r, t), it holds
vtvrr +
N − 1− 4
p−1
r
vr in (0,∞)× (0,∞). (2.14)
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Let V be the solution of
{
Vt = Vrr + N−1−
4
p−1
r
Vr in (0,∞)× (0,∞),
V (r, 0) = v(r, 0) in [0,∞).
Since
0v(r, 0)c∞ and v(r, 0) /≡ c∞ in [0,∞),
we see
V (r, t) < c∞ in [0,∞)× (0,∞)
and hence it follows from (2.14) that
v(r, t) < c∞ in [0,∞)× (0,∞).
For any r0, t0 > 0, let
c0 = max
{
v(r, t) : 0rr0, t02  t t0
}
.
Denote by u˜(r, t) a forward self-similar solution with initial data c1r−2/(p−1) with c0 <
c1 < c∞, whose existence is mentioned in Introduction. Then there is t1 ∈ (0, t0/2)
such that
u
(
r, t + t0
2
)
 u˜(r, t) in [0, r0] × [0, t1]
and hence
u
(
r, t1 + t02
)
 u˜(r, t1) in [0, r0]. (2.15)
Since u(r, t1 + t0/2)v∞(r) in [r0,∞), it follows from (2.15) that |u(t1 + t0/2)|∞ <
+∞. It is shown in [16] that if initial data U0 ∈ L∞ satisﬁes U0(x)v∞(|x|) for all
x ∈ RN\{0}, then the solution of (1.1) with initial data U0 exists globally in time in
the classical sense. Therefore, we see |u(t0)|∞ < +∞. Since t0 > 0 is arbitrary, this
completes the proof. 
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3. Proof of the main result
In the present section, we prove Theorem 1.1. To do that, we need results in [16].
Let vm be the solution of{
v′′ + N−1
r
v′ + vp = 0 in (0,∞),
v(0) = m > 0, v′(0) = 0. (3.1)
It was given in Li [10] that if p > p
JL
, then vm is increasing with respect to m and
vm(r) = v∞(r)− k(m)r−|| + o(r−||) as r →∞ (3.2)
for some k(m) > 0, where
 = −(N − 2)+
√
2 − 4(p − 1)cp−1∞
2
(3.3)
with  = N − 2− 4/(p− 1). They allowed solutions to change signs in [16]. However,
this paper is concerned with only nonnegative solutions, so we refer to their result in
the following manner necessary to our situation.
Lemma 3.1. Let p > p
JL
and suppose that 0u0(x)v∞(|x|) in RN\{0}. Then a
solution u of (1.1) with initial data u0 ∈ L∞ exists globally in time in the classical
sense and
(i) if lim|x|→∞ |x|2/(p−1)u0(x) = 0, then limt→∞ |u(t)|∞ = 0;
(ii) if lim|x|→∞ |x||| |u0(x)− vm(|x|)| = 0 for a solution vm of (3.1), then limt→∞
|u(t)− vm|∞ = 0;
(iii) if lim|x|→∞ |x||| |u0(x)− v∞(|x|)| = 0, then limt→∞ |u(t)|∞ = +∞,
where  is as in (3.3).
Putting
w(y, s) = (T − t)1/(p−1)u(x, t)
with
y = (T − t)−1/2x and s = − log(T − t)
for a solution u of (1.1) and T > 0, w satisﬁes{
ws = w − y2 ∇w −
1
p−1 w + wp in RN × (− log T ,∞),
w(y,− log T ) = T 1/(p−1)u0(T 1/2y) in RN.
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This is represented as{
ws = wrr + N−1r wr − r2wr − 1p−1w + wp in (0,∞)× (− log T ,∞),
w(r,− log T ) = T 1/(p−1)u0(T 1/2r) in [0,∞). (3.4)
with r = |y| in the radially symmetric case. It is immediate that v∞ is also a singular
steady state of (3.4).
Let
L2w =
{
h ∈ L2loc :
∫ ∞
0
h(r)2rN−1 exp
(
− r
2
4
)
< +∞
}
and
H 1w = {h ∈ H 1loc : h, h′ ∈ L2w}.
Denote by | · |2,w the natural norm in L2w. Deﬁne an operator A by
A = −′′ − N − 1
r
′ + r
2
′ + 1
p − 1−
pc
p−1∞
r2
.
It was shown originally in [6,7] and also in [12] that if p > p
JL
, then the spectrum
of A consists of countable eigenvalues {j } such that
j = 2 +
1
p − 1 + j for j = 0, 1, 2, . . .
with  in (3.3) and its corresponding eigenfunction j is given by
j (r) = cj r−||M
(
−j, + N
2
; r
2
4
)
with the standard Kummer function M(a, b; ) and cj > 0 taken so that |j |2,w = 1.
Then it holds
j (r) = c˜j r2j−
2
p−1 + o(r2j− 2p−1 ) as r →∞
for some constant c˜j and
j (r) = cj r−|| + o(r−||) as r → 0. (3.5)
The following result was given in [13] which was based on the method in [7].
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Lemma 3.2. If p > p
JL
, then for any even integer , with , > 0 there exists a solution
ui (i = 1, 2, 3) of (1.1) with radially symmetric initial data ui,0 ∈ L∞ which blows up
at t = Ti for some Ti < +∞ and satisﬁes
(i) ui,0 has , intersections with v∞;
(ii-1) u1,0(r)ar−
(
2
p−1+1
)
for sufﬁciently large r with some a, 1 > 0;
(ii-2) u2,0(r)v∞(r)− br−|| for sufﬁciently large r with some b > 0 and u2,0(r)
vm(r) for all r0, where vm is a solution of (3.1) with k(m) > b in (3.2);
(ii-3) u3,0(r)v∞(r) − cr−(||+3) for sufﬁciently large r with some c, 3 > 0 and
u3,0(r)u0(r) for all r0, where u0 is the initial data of a global classical solution
u of (1.1) such that |u(t)|∞ → ∞ as t →∞;
(iii) Let
 = ,
(
|| − 2
p − 1
)−1
, 	 = 2
p − 1 , (3.6)
c, be the constant in (3.5) with j = , and vi be the solution of (3.1) with k(m) = ki
in (3.2) for ki with k1 > c, > k2, for i = 1, 2. For a solution w of (3.4) associated
with u,
e	sv1(e
sr) < w(r, s) < e	sv2(e
sr)
for r ∈ [0,Ke−s] and s − log T with some K > 0;
(iv) For sufﬁciently small ε > 0, the solution w satisﬁes
|w(r, s)− v∞(r)+ e−,s,(r)|εe−,s
(
r−|| + r2,− 2p−1
)
for r ∈ [Ke−s , e
s] and s ∈ [− log T ,∞) with some 
 > 0.
We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Let ui be the solution with blowup time Ti obtained in Lemma
3.2 for i = 1, 2, 3. Putting ui(r, Ti) = limt↗Ti ui(r, t) for i = 1, 2, 3, it follows from
(i), (iv) that
0ui(r, Ti)v∞(r) in (0,∞)
since the number of intersections between ui and v∞ is nonincreasing with respect to t
by Chen and Polácˇik [3]. By Lemma 2.1, there are a1, b1, c1, r1 > 0 with sufﬁciently
large r1 such that for each rr1
(i) u1(r, T1)a1r−
(
2
p−1+1
)
;
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(ii) vm(r)u2(r, T2)v∞(r)− b1r−||;
(iii) u(r, T3)u3(r, T3)v∞(r)− c1r−(||+3).
Let also denote by ui the proper solution of (1.1) for i = 1, 2, 3. Put ui,n(r, 0) =
min{ui(r, Ti), n} for positive integer n and let ui,n be the solution of (1.1) with initial
data ui,n(r, 0). Then there are a2, b2, c2, r2 > 0 such that for small  > 0 the above
(i)–(iii) with ui(r, Ti), a1, b1, c1, r1 replaced by ui,n(r, ), a2, b2, c2, r2 are valid for all
n by Lemma 2.1. Therefore ui(r, Ti + ) satisﬁes the same inequality for i = 1, 2, 3
passing to the limit as n→∞. According to Lemma 2.2, ui becomes a regular solution
for all t > Ti for i = 1, 2, 3. Applying Lemma 3.1 to ui(r, Ti + ) for i = 1, 2, 3, we
complete the proof. 
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